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Abstract: The purpose of this paper is to establish the generalization of ܶி −Kannan
contractive mapping theorem on complete metric spaces.Our results extend and generalize
the common fixed point result of M.Kir& H. Kiziltunc [10].
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1. Introduction:
In 1922, Banach, S. [1] proved the following his famous theorem, which ensures the
existence and uniqueness of the fixed point.

Theorem 1.1: Let ሺܺ, ݀ሻ be a complete metric space with itself maps ܶ: ܺ → ܺ. Then the
maps T is called contraction if there exists ݇ ∈ [0,1ሻ such that
݀ሺܶݔ, ܶݕሻ ≤ ݇݀ሺݔ, ݕሻ(1)

For all ݔ, ܺ ∈ ݕ. If the metric space (ܺ, ݀ሻ is complete, then the mapping satisfying (1) has a
unique fixed point. It is the first important result on fixed points for contractive mappings.
The theorem 1.1, is known as Banach contraction mapping theorem or Banach fixed point
theorem and it is a forceful tool in nonlinear analysis. There have been a lot of fixed point
results dealing with mappings satisfying various types of contractive inequalities. These
generalizations were made either by wakening the contractive condition or by imposing some
additional condition on ambient space. So, it is clear that, the inequality (1) implies the
continuity of ܶ.

In 1968, Kannan [2] establish a fixed point theorem as follows:

Theorem 1.2: If a mapping ܶ: ܺ → ܺ, where ሺܺ, ݀ሻ is a complete metric spaces, satisfies the
inequality

݀ሺܶݔ, ܶݕሻ ≤ ݇ ሺሺ݀ሺݔ, ܶ ݔሻ + ݀ሺݕ, ܶݕሻሻ

(2)

where ݇ ∈ [0, 1ൗ2ሻ and for all ݔ, ܺ ∈ ݕ, then T has a unique fixed point. The mapping

satisfying (2) are called Kannan type mappings. There is a large literature dealing with

Kannan type mappings. A similar contractive condition has been introduced by Chatterjea [3]
in 1972.
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Rhoades,B. E. [4] proved fixed point theoremsmade by a comparison of various type of
contraction mappings. In 2009, Beiranvand,A. et al.[5]introduced new classes of contractive
functions as T- contraction and T- contractive mappingsand established the Banach
contraction principle. In sequel, Moradi, S. [6] introduced the T-Kannan contractive mapping,
which extended the well know fixed point theorem, which is givenin [2]. Dutta and
Choudhary [7] also generalized contraction principle in metric spaces.
In 2010, Moradi and Beiranvand [8] also introduced TF - contraction mappings as follows:

Definition 1.3: Let ሺܺ, ݀ሻ be a metric space. A mapping ܶ ∶ ܺ → ܺ is said to be sequentially

convergent, if we have for every sequence ሼݕ ሽ, if ሼܶݕ ሽ is convergence, then ሼݕ ሽalso is

convergent.ܶis subsequentially convergent if we have, every sequence ሼݕ ሽ,if ሼܶݕ ሽis

convergence then ሼݕ ሽhas aconvergent subsequence.

Definition 1.4: Let ሺܺ, ݀ሻ be a metric space and ݂ , ܶ ∶ ܺ → ܺ be any two mappings .Then ݂

issaid to be a ܶி -contraction , if there exists ݇ ∈ [0, 1ሻ such that for al ݔ, ܺ ∈ ݕ
ܨ൫݀ ሺܶݔ, ܶݕሻ൯ ≤ ݇ܨ൫݀ሺݔ, ݕሻ൯,

(3)

where

(1) ܨ: [0, ∞ሿ → [0, ∞ሻ,  ܨis nondecreasing continuous from the right and ି ܨଵ ሺ0ሻ = ሼ0ሽ .

(2) ܶ is one to one, continuous and subsequentially convergent.

If f is a ܶி − contraction mappingthen by condition(3), ݂ has a unique fixed point in complete
metric space ሺܺ, ݀ሻ.

Moradi and Davood [9] proved a new extension of Kannan fixed point theorem on complete
metric and generalized metric space, which is extend the well-known results of Moradi, S.
[6].
Recently, in 2014, Mehmet, Kir and H. Kiziltunc [10] proved unique fixed point results for
the notion of ܶி -contractive conditions are investigated for Kannan and Chatterjea type
mappings.
In this paper, we study and discuss some unique common fixed point theorem for

generalized ܶி - Kannan type contractive mappings in metric space. Our main results greatly
generalize the previous work in the literature of [10] of theorem 2.1.
2. Main Result
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Theorem 2.1. [Generalized ࢀࡲ – Kannan contractive mapping theorem): Let ሺܺ, ݀ሻ be a

complete metric space ܶ, ܴ, ܵ: ܺ → ܺ be mapping such that T is one to one, continuous and
subsequently convergent. If ƛ ∈ ൣ0, 1ൗ2൯ and

 ܨሺ݀ሺܴܶݔ, ܶܵݕሻሻ ≤ ƛ ሺܨሺ݀ ሺܶݔ, ܴܶݔሻ + ܨሺܦሺܶݕ, ܶܵݕሻሻ

(2.1)

For all ݔ,  ܺ ∈ ݕand where ܨ: [0, ∞ሻ → [0, ∞ሻ is nondecreasing continuous from the right and
ି ܨଵ ሺ0ሻ = ሼ0ሽ. Then Rand S have a unique common fixed point. Also, if T is sequentially

convergent. Then for every ݔ ∈ ܺ the sequence of iterates ሼܴ ଶ ݔ ሽ and ሼ ݏଶାଵ ݔ ሽ converges
to the common fixed point.

Proof:Let ݔ be an arbitrary point in ܺ.We construct the iterative sequence ሼݔଶ ሽ andሼݔଶାଵ ሽ
by

ݔଶ = ܴݔଶିଵ = ܴ ଶ ݔ, for ݊ = 01,2 … ….
and
ݔଶାଵ = ܵݔଶ =  ݏଶାଵ ݔ, for,݊ = 0,1,2,3 … … ..
Using the inequality (2.1), we have
ܨ൫݀ሺܶݔଶ, ܶݔଶାଵ ሻ൯ ≤  ܨሺ݀ሺܴܶݔଶିଵ , ܶܵݔଶ ሻሻ

≤ ƛൣܨ൫݀൫ܶݔଶିଵ, ܴܶݔଶିଵ ሻ൯ + ܨሺ݀ሺܶݔଶ , ܶܵݔଶ ሻ൯൧

≤ ƛൣܨ൫݀൫ܶݔଶିଵ, ܶݔଶ ሻ൯ + ܨሺ݀ሺܶݔଶ , ܶݔଶାଵ ሻ൯൧(2.2)
Similarly,

ܨ൫݀ሺܶݔଶାଵ, ܶݔଶାଶ ሻ൯ ≤  ܨሺ݀ሺܴܶݔଶ , ܶܵݔଶାଵ ሻሻ

≤ ƛൣܨ൫݀൫ܶݔଶ, ܴܶݔଶ ሻ൯ + ܨሺ݀ሺܶݔଶାଵ , ܶܵݔଶାଵ ሻ൯൧

≤ ƛൣܨ൫݀൫ܶݔଶ, ܶݔଶାଵ ሻ൯ + ܨሺ݀ሺܶݔଶାଵ , ܶݔଶାଶ ሻ൯൧

(2.3)

Therefore, we have
ܨ൫݀ሺܶݔଶ, ܶݔଶାଵ ሻ൯ ≤

ƛ

ଵିƛ

 ܨቀ݀൫ܶݔଶିଵ, ܶݔଶ ൯ቁ(2.4)

and
ƛᇲ

ܨ൫݀ሺܶݔଶାଵ, ܶݔଶାଶ ሻ൯ ≤ ଵିƛᇲ  ܨቀ݀൫ܶݔଶ, ܶݔଶାଵ ൯ቁ

(2.5)

We can conclude, be repeating the same argument that,
ܨ൫݀ሺܶݔଶ, ܶݔଶାଵ ሻ൯ ≤

ƛ
 ܨቀ݀൫ܶݔଶିଵ, ܶݔଶ ൯ቁ
1−ƛ

ƛ ଶ
≤൬
൰  ܨቀ݀൫ܶݔଶ, ܶݔଶିଵ ൯ቁ
1−ƛ

ƛ ଷ
≤൬
൰  ܨቀ݀൫ܶݔଶିଵ, ܶݔଶିଶ ൯ቁ
1−ƛ
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≤………≤
≤ቀ

ƛ

ቁ
ଵିƛ

Put

ଶ

ƛ

ଵିƛ

 ܨቀ݀൫ܶݔ, ܶݔଵ ൯ቁ

= ℎ.Then we have

ܨ൫݀ሺܶݔଶ, ܶݔଶାଵ ሻ൯ ≤ ℎଶ  ܨቀ݀൫ܶݔ, ܶݔଵ ൯ቁ (2.6)
Similarly, wehave
ଶାଵ

Put

ƛᇲ

ଵିƛᇲ

ƛᇱ
ቇ
ܨ൫݀ሺܶݔଶାଵ, ܶݔଶାଶ ሻ൯ ≤ ቆ
1 − ƛᇱ

 ܨቀ݀൫ܶݔ, ܶݔଵ ൯ቁ

= ℎᇱ . Then we have

ܨ൫݀ሺܶݔଶାଵ, ܶݔଶାଶ ሻ൯ ≤ ሺℎ′ሻଶାଵ  ܨቀ݀൫ܶݔ, ܶݔଵ ൯ቁ

(2.7)

By (2.6), for every ݉, ݊ ∈ ܰ such that ݉ > ݊, we have

ܨ൫݀ሺܶݔଶ, ܶݔଶ ሻ൯= ൣܨ൫݀൫ܶݔଶ, ܶݔଶାଵ ൯ + ݀ሺܶݔଶାଵ , ܶݔଶାଶ ൯ + ⋯ . . +݀ ሺܶݔିଵ , ݔଶ ሻሻ൧
≤  ܨሺℎଶ + ℎଶିଵ + ⋯ … … … … … + ℎଶିଵ ሻ݀൫ܶݔ, ܶݔଵ ൯
≤ ቀ



ଵି

ቁ

ଶ

 ܨቀ݀൫ܶݔ, ܶݔଵ ൯ቁ (2.8)

Letting ݉, ݊ → ∞in (2.8), we have ܨ൫݀ሺܶݔଶ, ܶݔଶ ሻ൯ → ∞as ݉, ݊ → ∞. So,

݀ሺܶݔଶ, ܶݔଶ ሻ → ∞ as ݉, ݊ → ∞. Thus, ሼܶݔଶ ሽ is a Cauchy sequence in metric

space ሺܺ, ݀ሻ. Since ܺ is a complete metric space, there exists  ܺ ∈ ݒsuch that

lim→ஶ ܶݔଶ = ݒ

(2.9)

Since ܶ is subsequentially convergent and ሼݔଶ ሽ has a convergent sub sequence. So, there
exists

ܺ ∈ ݑand ሼݔଶ ሽsuch that

lim→ஶ ݔଶ = ݑ

(2.10)

Since T is continuous. Then from (2.10), we have
lim→ஶ ܶݔଶ = ܶݑ

(2.11)

Now, from (2.9) and (2.11), we get
ܶݒ = ݑ

(2.12)

So, consider

 ܨሺ݀ሺܶݑ, ܴܶݑሻሻ≤  ܨሺ݀ሺܶݑ, ܶݔଶ ሻ + ݀ሺܶݔଶ , ܴܶݑሻሻ

= ܨ൫݀ሺܶݑ, ܶݔଶ ሻ + ݀ሺܴܶ ଶ ݔ , ܴܶݑ൯ሻ

≤ܨ൫݀ሺܶݑ, ܶݔଶ ሻ + ݀ሺܴܶ ଶ ݔ , ܴܶ ଶ ݔଵ ሻ൯ + ݀ሺܴܶ ଶ ݔଵ , ܴܶݑሻሻ

=ܨሺ݀ሺܶݑ, ܶݔଶ ሻ + ݀ሺܴܶݔଶ , ܴܶݔଶାଵ ሻሻ + ݀ሺܴܶ ଶ ݔଵ , ܴܶݑሻሻ → 0
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(݅ → ∞ሻ. Therefore,  ܨሺ݀ሺܶݑ, ܴܶݑሻሻ = 0 ⇒ ݀ ሺܶݑ, ܴܶݑሻ = 0. ⇒ ܶݑܴܶ = ݑ. Also, ܶ is one

to one. Therefore, ܴݑ = ݑ. Thus,  ݑhas a unique fixed point of ܴ.

Now if Tis sequentially convergent by replacing ሼ2݊ሽwith ሼ2݊ ሽ.We conclude that

lim→ஶ ݔଶ = ݑand this shows that ሼݔଶ ሽconverges to the fixed point of ܴ. Similarly, it can

be established that ሼݔଶାଵ ሽconverges to the fixed point of S. ݅. ݁. lim→ஶ ݔଶ = = ݑ
lim→ஶ ݔଶାଵ.

This complete the proof of the theorem.
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