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Abstract The object of this paper is to establish certain representations between the Laplace
transform operators L and L™ and the frectional integration operators due to Saigo and Maeda
[1]. While two theorems on the fractional integration operators where also defined and studied
earlier by them. And earlier the result proved by Ram, Saigo and Saxena[2] and Fox [3,4] are
derived as special cases.
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1. Introduction

Saigo [5] introduced an extension of both Riemann-Liouville
and Erdélyi-kober fractional integration operators in terms of Gauss’s hypergeometric
function. Saxena [6], Kalla and Saxena [7], and Saxena and Kumbhat [8,9] had defined
and studied earlier the fractional integration operators associated with gauss’s
hypergeometric functions.

Fox [3,4] investigated a representation of Erdélyi-kober
operators in terms of Laplace transform operators L and L™!.certain relations connecting
L, L™ and fractional operators of Saxena [10] were derived by Kumbhat and Saxena [11]
and Saigo, Saxena and Ram [2], there by the results of Fox [3,4].

Saxena [12] defined a I-function which is introduced in the
following form:

mn (aj’ aj)l,n; (aji’ aji)n+1‘pi = L

a2 = J P(s)x’ds, (1.1
o (b, B)), (bji»ﬁﬁ)mﬂ,qi 2mi )
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where

H}’;lr(bj — B;js) ]'[};11“(1 — aj + ;s)
=1 {H?Lmﬂr(l — by + Bjis) H?in,{-]_r(ajl’ - ajis)}

P(s) = : (1.2)

mnp(i=1,..,r); andq;(i=1,..,r) are integers satisfying 0<n<p;,1<m<
q; (i =1,..,r);ris finite aj, Bj, aj;, Bj;are real and positive numbers ; a;, bj, a;;, bj; are

complex numbers such that
aj(ﬁh + V) * ﬁh(aj —A- 1)

for 4,v=012,.. ;h=12,..,m;i=12,..,r. L is a contour running from o —
i to o + i (o isreal), in the complex ¢ - plane such that the points s = (a’;;l), j=
J
1,2,.m; A=0,1,2,...and & = %, j=12,..m; A =0,12,.. lie to the left hand and
J

right hand sides of £ respectively.
2. The Mellin and Laplace Transforms

The Mellin transform of g(x) is defined by

MGG} = 6) = | X7 gGadx, 1)
0
and the inverse Mellin transform is given by
_ 1 f PG(p)d 2.2
g(x) =—— | xPG(p)dp, (2.2)
c

where C is a suitable contour and p is a complex variable. The Parseval theorem for the
Mellin transform are in the form

(o]

1
[ s@near =2 [ coma -pap 23)
c

0

where G(p) and H(p) are the Mellin transform of g(x) and h(x) respectively.

The laplace transform of a function is denoted by L and defined as
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o

LU ()i p) = F(p) = f e~ f(x)dx 2.4)

0

where Re(p) > 0.

The invers laplace transform of a function F(p) is f(x). The invers laplace transform is
denoted by L™ and defined as

LF(p); x} = f(x). (2.5)
And the relation between L and L1 is represented as
LL"Y=L"1L =1 (2.6)
3. Fractional operators

In this section we show the definition of generalized fractional integration operators of
arbitrary order involving Appells Functions due to Saigo and Maedo [1, p.393, eq. 4.12]
in the kernel in the following form:

Leta,a’,b,b’,c € Cand x > 0, then the generalized fractional integration operators
involving Appeall Functions F; are defined by the equations:

a

! ! B - —-al ! ! t
(Iéff b,b ,Cf) (x) = %fox(x _ )l (a,a Jbb'c1 -1~ f)f(t)dt, (3.1)

where Re(c) > 0,

dl ! !
— @I(C)l‘f ,b+1,b ,C+lf, (3-2)

where Re(c) = 0,1 = {—Re(c)} + 1,

and

x-a,j"’(t )Tt e F. ( "b,b’,c;1 X1 t) ()dt, (3.3
F(C) X 3 ala’ ) ICI tl x f ) ()
0

(Ic_z,a’,b,b’,cjr) (x) =

dl aa’ b b’+lC+l 1
—_ ( 1)l lIO,' " ’ ) ) (3 )

where Re(c) = 0,1 = {—Re(c)} + 1.
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For a’ = 0 above operators reduces to Sigo operators [5], defined as:

Let x € R, =(0,0) and a,b and n are complex numbers. The fractional operator
{Re(a) > 0} of function f(x) on R, are defined as following to Saigo [5] as:

abnf —

Ia )f(x— @1 LF, <a+b - a;1 ——)f(t)dt (3.5)

where Re(a) > 0,

dl
==l (3.6)

where Re(a) = 0,1 = {Re(—a)} + 1,

and

@b f = j(t—x)a 1790 S (a+b,-m; 01 ——)f(t)dt, (3.7)

I'(a)

where Re(a) > 0,

_( 1)l Ia+lb l‘r)f (38)
where Re(a) = 0,1 = {Re(—a)} + 1.

4. Mellin Transforms of Fractional Calculus Operators

In this section we defined Mellin transforms of the fractional calculus operators

Igf bb'e gng [wabb'c.

Definition: Let L,(R,) be the usual Lebesgue class on R, with 1= p < . We define
M,(R,) as the class of all functions in f € L,(R,) with p > 2 which are inverse Mellin
transforms of the functions L, (R, ), where g = p/(p — 1).

Theorem 1: Let 1 <A< 2anda,d’,b,b',c € Cwith Re(c) > 0, satisfy

Re(c) <1+ min[0,Re(b’ — a—),Re(c —a —a’' — b)], then for f € L,(R,), the following
formula holds.

M {xa+a’"c (Igf’,b,b',cf) (x); k} -T [1—k,1—a'+b’—k,1—a—a’—b+c—k] MIf(x);k]. (4.1)

1+b’',1—-a—-a'+c-k,1-a’'-b+c—k
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Theorem 2: Let 1 <A< 2anda,d,b,b’,c € Cwith Re(c) > 0, satisfy

Re(c) > max [Re(—a —a’' +¢),Re(—a—Db' +¢),Re(b)], then for feL,(R,), the

following formula holds.

M{x“a"c(lf'a”b’bl’cf)(x); k} _T [k+a+al_c,k+a+b’_c,k—b] MIf(x);k]. (4.2)

k+a+a’'+b'—ck,k+a-b

5. Representation of Fractional Calculus Operators by Laplace Transform
Operators

Theorem 3: Let Re(c) > 0, Re(b’ —a —) >0, Re(c —a —a’' — b) < 0. If a function f(x)
satisfy the following conditions:

DG € LR,
II) y_l/ 2f(y) € L(R;) where f(y) is of bounded variation near to the point y = x,

M) M{f(x);k} = F(k) € L (3 — ico,3 + ico)
V) yb_l/zléf;l”b’b”cf € L(R,) and yblg’;l‘b'b"cf is of bounded variation near the

point y = x.

(
(
(
(

The following relation holds:

! !
I&f ,b,b .Cf = x—atby-1 [ta’+b—cL{x—blL—1 [t—arL{xa—c+brL—1 [t_b

Lxmem e f oI (5.1)

Proof: By theorem for Saigo and Maeda [1] and from the condition (i) and (ii) we

deduce that x“+a"cl(‘if"b'b"cf exists on (R;) and f € L,(R,) . thus the theorem 1. holds
true. And the condition (iii) and theorem 28 of [13] yield

1/2+ioo
1
- -k
flx) = o J F(k)x "dk. (5.2)
1/2—1'00
Multiplying both side of above equation by x~a-a'=b+cand applying L operator, we
have
) 1/2+ioo
L{x=¢9=b*ef ()} = f e~@ x—a-a'~bte 5 f F(k)x *dk » dx. (5.3)
0 1/,—ico
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The power of x is Re(c—a—a' —b — 1/2) along the line k = 1/2 + ip. Thus the
condition (i) and (iv) implys that the double integral in above equationis absolutely
convbergent and we can change the order of integral to obtain

1/2+i°° [ee)
! 1 !
L{x—a—a —b+c]c(x)} — ﬁ f F(k) [J e~ @ y—a-a-btc—kgy|dk
1/2—ioo 0
1/2+ioo
= T(—a—a' —b+c—k+1)t*+a+b-cvkp(dk. (5.4)
1/yico

Similarly multiply the above equation by t~? and adopting the L™! operator, we get
11 [t—bL{x—a—a’—b+Cf(x)}]
1/2+ioo
1 '
=L |— f I(—a—a —b+c—k+ 1) (-a-d+=K)F()dk|. (5.5)

2mi
1/2—ioo

For applying theorem in Fox [3, p. 300], in above equation replacing 1 —k by k and
applying [14], as

C(u+ iv) = V2r|v|*~ /2 exp (#) +0 (ﬁ) (Jv)) »

we find that

I'c—a—a —b+k)

— —Re(b)
['(c—a—a +k) 0(|k| ) [m(l)] = eo.

Thus

c—a—a" —b+k)
I'(c—a—a'+k)

F(1-k)eL L ot
For Re(b) > 0, the Fox’s theorem implies that

11 [t—bL{x—a—a’—b+Cf(x)}]
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1/2+ioo
1 f I'(c—a—a —-b+k)

—a—a'+c+k-1 _
s F(1—k)dk. (5.6)

1/2—ioo

a—c+b’

Next multiplying the above equation by x and by using the L operator, this shows

that
L{xa—c+b1L—1 [t—bL{x—a—a’—b+Cf(x)}]}
1/2+ioo

1 f (c—a—a —b+k)
[(c—a—a +k)

I(—a +b' + k)] t¢~P'-1F(1 — k)dk. (5.7)
1/, =ico 0
Similarly, multiply the above equation by t~ and applying the operator L™%, it yield
-1 [t—a'L{xa—c+blL—1 [t—bL{x—a—a'—b+Cf(x)}]}]
1/+ico

1 f c—a—a" —b+k)T(—a"+b" +k)
B I'(c—a—a +k) (b’ + k)

xb"*k-1R(1 — k)dk. (5.8)
1/2—1'00

Similarly on multiplying the above equation by t~?"and on using the operator L, we
obtain

L{e™?" L7 e L{xom e+ L [P L{x e P £ (0 }]}]}
1fg+ico

1 f Nc—a—a —-b+k)T(—a"+b"+k)
B I'(c—a—a +k) I'(b' + k)

Tkt F(1 - k)dk. (5.9)
1/p=ico

Next on multiplying by t**»=¢ and adopting the operator L~1to above equation, its

gives

L—l[ta’+b—cL{t—b’L—1[t—a’L{xa—c+b1L—1[t—bL{x—a—a’—b+c]c(x)}]}]}]

1/2+ioo
1 f Nc—a—a" —b+k)(—a" +b"+k)'(k)
I'Nc—a—a" + k)T +k)I'(c—a"—b+k)

= : x—a’—b+c+k—1F(1 — k)dk
27
1/p=ico
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1/2+ioo
1 f ll—c—a—-a —-b—-KkKI(1—-a" +b" —k)I'(1—k)
ll+c—a—a —kKIA+b ' —k)T(1+c—a'"—b—k)

2mi
1/2—ioo

x—a'—b+c—kF(k)dk

1/2+ioo
1 ! !
_ a+a’'—c (ja,a’,b,b’c —a'-b+c—k
=5l f M {x (168274 )}« F(k)dk. (5.10)
/2_i°°

By virtue of theorem 1, we reached at the required result
x—atby-1 [ta’+b—cL{t—b’L—1 [t—a’L{xa—cHﬂL—l [t—bL{x—a—a’—b+Cf(x)}]}]}]
_ Ia,a’,b,b’,cf
= 1o+ .
Hence this complete the proof.

Now to demonstrate the theorem 3, let us consider

(), “j)l_Ni (aji ;i) N+1P;

f(x) =Lygr | X . (5.11)

puaet (b]'ﬁ])l,M’ (bji’ﬁji)M+1,Qi

Then
Lt |y (aj,a]-)LN; (aji'aﬁ)N+1,Pi R
DiqiiT
(5. 8) 3 (Bjis Bji) P

mn+1l |,-1 (=l-1), (aj’ aj)l,N; (aji’ aji)N+1,Pi

Ipi+1,qi:r (5'12)
(5. 8), 3 (Bjis Bji) Mi10;

Provides that’s Re(t) > 0, min; <<y [Re (%)] + Re(l) > -1
]
We have

(aj, “j)LNJ (aji i) N+1P;

X
(5. B), i (bjis Bji) M410;

!
—-a—a' —b+cymn
Lyx PudiT

— ra+a’+b—c-1
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1 (Cl +a +b— c, 1), (Clj, aj)l,N; (aji, aji)
(b]’B])l‘M’ (bji' Bji)M'l‘l,Qi

N+1,P;

(5.13)

Im,n+1 t

pitlqir

Similarly on multiplying the above equation by t~# and then applying L™, we get

(a, “f)m‘ (a0 “ﬁ)nﬂ,pi

X
(5. 8), i (bjis 5ji)m+1,ql.

-1 |+-b —a—a'-b+cymn
L=t Ly x PudiT

n+1,p;

- I _c— n+1
= 1 ta+a c 11mn t

pitl,q;:r

—a-a'+cymn+1

B (a+a +b—-c1), (ajr aj)l‘n; (aji' “ji)
(bj’ﬁj)ljm; (bji'ﬁﬁ)m+1,qi

(a+a +b—-c1), (aj, af)1,n; (aﬁ, ajl-)

n+1,p;

=X pi+lq;+1:r y

(51 B7), s (Bt Bit) 1

i

,(a+a —c1)

. (5.14)

a—c+b'

and then applying L operator, we

Now by multiplying the above equation by x
get

(a, “j)l,ni (aji “ji)nﬂ_pi

X
(5:.B), . (bjis ﬁﬁ)mﬂ,qi

a—c+b' 7-1|+-b —a-a'-b+cymn
L{x L~ |t™L{x PidiT

(a + a’ +b-— C, 1), (aj, aj)l'n; (aji, aﬁ)

n+1,p;

— —a'+b’ ymn+1
- pi+1,qi+1:r

L<x

(51, 87), i Bjis Bji) 1

J(a+a —vy,1)

1

(a=b",1)(a+a +b—-c1), (aj, af)1,n; (aji, aﬁ)

— ta,_ﬁ’_llm’n+2 — n+1,pi ) (5-15)
pit2,qit+1:r ,
i 2 (b]' ﬁj)l,m' (bji’ﬁji)m+1,qi’ (a + a —¢c, 1)
Again multiplying it by t~% and then applying L™t operator to its, it yields that
L |em@ [ xametb [~ |p=bp { ymama’=breymn (9):01), 23 (%0 )1,
|8, )
5 Bi) i B Bit) g,
! — ! ! — . . - s s
Y " @ =b"D(a+a +b-c1), (a],aj)l‘n, (a]l, a]l)n+1,pi
- pirzaceLT (b, B;). ; (b, Byi) (a+a —c1)
i Bi) i Bt Bji) gy g (@ F 0 =6
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((l’ _ B,’ 1)((,( + a’ + B =Y, 1), (aj, aj)l‘n; (Clji, aji)n+1,pi . (516)
(bjiﬁj)l’m} (bjiiﬁji)m_i_l’qi’ (@+a' —vy,1),(=4"1)

__ _b'ymn+2
=X Ipi+2,CIi+2:r x

b

Next, multiplying the above equation by x~ 'and by applying the L operator, we get

(aj, ij)l’n; (aji “ji)nﬂ,pi

L x—b’L—l t—a’L xa—c+b’L—1 b y—a—a’—b+c mn |,
(5.B), 0 (bjis 5ji)m+1,qi

pi,qi'r

(@ —b,D(@a+a +b-c1),(q, aj)l‘n; (a;;, aji)n+1,pi
(55 81) i Bjis Bji) 1 o (@ 0" = €, 1), (=D, 1)

1

_ mmn+2
L Ipi+2,qi+2:r x

o 01),(a"=b",1),(a+a"+b—c1), (aj, af)1,n; (aji, aji)
(bj, ﬁj)l,m; (bjil ﬁji)m+1,q-' (a +a —c, 1), (—b" 1)

2

_ s—1ymn+3
=t Ipi+3,qi+2:r

LR (5.17)

Finally on multiplying the above equation by t* *?~¢and then readdress the operator
L7, it show that

L—1[ta’+b—cL{y—b’L—1[t—a’L{xa—c+b’L—1[t—bL{y—a—a’—b+c

mn (aj, “j)l,ni (aji “ﬁ)nﬂ,pi

L gt X
pPi.qi'r (bj'ﬁj)Lm; (bfi' lBji)m+1,Qi

— L—l[ta’+b—c—1

3 (0,1),(a" = b',1),(a+a"+b—c,1), (aj, af)1,n; (aﬁ, aji)
(51, 8)) s Bjis Bji) 1 o (@@ = € 1), (=D, 1)

1

Im,n+3
pit+3,q9it2:r

n+1,p;

—a'—b+cymn+3

pi+3,q;+3:r

. (0,1), (a —b’, 1), (a +a +b—c 1)' (aj' aj)l,n; (aji' aji)n+1,pi . (518)

X
(bj, ﬁj)l,m; (bjil ﬁji)m+1,q-' (a +a —c, 1), (—b’, 1), (Cl’ +b—c, 1)

1

The following result holds

— ,—a'-b+c

Ia,a',b,b',c mn | (aj' aj)l,n; (aji' aji)n+1.pi
0.+ Pudi™ b B (b B
(5. 8)), i (Bji. Bji)

m+1,q;
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Im’n3+3 ; . (0,1), (a’ _ b’, 1), (a + a’ + b —C, 1), (aj, aj)l,‘n; (a'ji' (l]l)
i+3,q;i+3:7r
P (b 8), . (b Bji)

Hence we get the result.

LR (5.19)
,(a+a —-c1),(=b',1),(@a@+b—c1)

m+1,q;

Theorem 4: Let Re(c) > 0, Re(—a—a’' +¢) >0, Re(—a— b’ +c¢) > 0,and Re(b) > 0. If
a function f(x) satisfy the following conditions:

) fx)eLRy),

IT) y_l/ 2f(y) € L(R;) where f(y) is of bounded variation near to the point y = x,
M) M{f(x);k} =F(k) €L G —io0, 2+ ioo)

V) yb=V le‘ffo"b'b,’c f € L(R,) and ybI;’go”b’b "f is of bounded variation near the

point y = x.

(
(
(
(

The following relation holds:

I(_l,a’,b,b’,Cf — x—Za—a’+b+c—1L—1 [tb+b’—cL{x—a’L—1 [t—b'L{xa+a’—cL—1 [t_b

L1 F GO = )1( (5.20)

Proof: The theorem (5.2) can be established by following the steps of proof of theorem
(5.1). For its prove replace x with x *and then apply L and L™ operators. We introduce

'Nk+a+a —c)l(k+a+b"—c)l'(k—b)
I'k+a+a +b —c)I(k)I'k+a—->b")

in (5.5.10), from equation (5.4.2) we contains

M{xa+a'—c (Ig,a',b,b',c}c)}xa—bﬂc—l
On removing x with x "*and using (5.2), thuse equation (5.20) obtain.
On demonstrating theorem 4 in the same way, we can obtain

jadbple) mn | (¢, “j)l,ni (a1, “ji)nﬂ,pi
PiLqiT (bj'ﬁj)l,m; (bji’ﬁﬁ)m+1,qi

—a+c
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(a],a])ln (OL]l,a]l)n+1 ,(0,1),(a=—b,1),(a+a +b —c,1)

m+3,n
+3.0:431 ) . (5.5.21)
pi+3.q;+3:T (a+a —-c1),(-b,1), (a+b c,1),( '81)1m (]l"Bﬁ)m+1,qi
Special case
i) On taking r =1 in equation (5.19), I-function reduces into H-function the

result so obtain is a special case of a formula obtain by Saxena and Saigo [15,
p- 94, eq. 3.2].

Iaa ,b,b’ C{Hmnl (aP'aP)l}

(bg, Bq)
(0,1),(a’ = b",1),(a+a +b—c,1),(ay a,)
“(bg By, (@ + @ —c,1),(=b', 1), (@’ + b —c,1)

=X

—a’ b+clm n+3
p+3,g+3

ii) On putting r = 1 in equation (5.21), I-function reduces into H-function the
result so obtain is a special case of a formula obtain by Saxena and Saigo [15,
p. 96, eq. 4.21].

Iaa ,b,b’ C{Hmn[

il =

(ay a,),(0,1),(a=b,1),(a+a’ +b —c,1)

Hm+3,n lx
+3,9+3 12 14 "
p+3.q (a+a —c1),(=b,1),(a+b" —c,1), (bq,ﬁq)
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